DERIVATIVES

Chapter 4

Imagine a person speeding down the highway
reaching speeds of 140 km/h. He hears the police
siren in the distance, and his rear-view mirror is
suddenly full of flashing red lights. As he pulls over
and the police officer tells him he was going

140 km/h, he points out that because he has
travelled the 200 km from home in two hours, his
average speed is within the 100 km/h limit. Nice try,
but we all know that police charge speeders based
on their instantaneous speed, not their average
speed. Furthermore, in business, responding rapidly
to instantaneous changes is the key to success;
opportunities can pass you by if you wait to
observe long-term or average trends. In calculus,
the derivative is a tool for finding instantaneous
rates of change. This chapter shows how the
derivative can be determined and applied in a
great variety of circumstances.

CHAPTER EXPECTATIONS In this chapter, you will

e determine the limit of a function, and
understand limits can give information about
graphs of functions, Section 4.1

understand and determine derivatives of
polynomial and simple rational functions from
first principles, Section 4.1

identify examples of functions that are not
differentiable, Section 4.1

identify rate of change Section 4.2

identify composition as two functions applied in
succession, Section 4.5

understand that the composition of functions
exists only when the ranges overlap,
Section 4.5

determine the composition of two functions
expressed in notation, and decompose a given
composite function into its parts, Section 4.5

justify and use the rules for determining
derivatives, Section 4.2, 4.3, 4.4, 4.6

describe the effect of the composition of inverse
functions, (f(f —1(x)) = x), Section 4.5
determine derivatives, using implicit
differentiation, Section 4.6

make inferences from models of applications

and compare the inferences with the original
hypotheses, Section 4.1, 4.6



Review of Prerequisite Skills
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Before beginning your study of derivatives, it may be helpful to review the
following concepts from previous courses and chapters:

e Finding the properties of exponents

e Simplifying radical expressions

* Finding the slopes of parallel and perpendicular lines
e Simplifying rational expressions

¢ Expanding and factoring algebraic expressions

Exercise

1. Use the exponent laws to simplify each of the following expressions.
Express your answers with positive exponents.

a. 54 x 57 b. a° X a3 c. (492
4p7 X 6p°
—7742)3 6 7 —_
d. (—2ad?) e. 2mb X 3m f. 1215
Ba~H[243(=b)*]
4b=5Y(a—6bh—2 6)(2e3)4
g. (a*b=>)(a°b2) h. (3e%)(2¢3) 2a8h?
2. Simplify and write each expression in exponential form.
3
a. (ﬁ)(x%) b. (8x6>% C. \/_g/_;/E
3. Determine the slope of a line perpendicular to a tangent that has the following
slopes:
2 1 5

4. Determine the equation of each of the following lines:
a. passing through points A(—3, 4) and B(9, —2).

b. passing through point A(—2, 5) and parallel to the line with equation
3x — 2y = 5.

c. perpendicular to the line having the equation y = %x — 6, and passing
through point (4, —3).



5. Expand and collect like terms.

a. (x —3y)2x +y) b. (x —2)(x2 — 3x + 4)
c. (bx—3)(2x+17) d. 2(x+y) —53x — 8y)
e. (2x —3y)2+ (5x + y)? f. 3x(2x —y)2 — x(5x — y)(5x + y)
6. Simplify each expression.
a 3x(x2+ 2) 5 5x3 b. y « -5
x x(x + 2) +2 -5 4y3
T SR g @rne—y .t y)?
T (ht k) T 2kt k) ’ 5(x — ) ' 10
x—1 5x x+1 x+2
e 2x +x—l f. x—2 x+3
7. Factor completely.
a. 10a? — 6a b. 4k2 -9 c. x2+4x—32
d. y2—11y — 42 e. 3a2—4a—1 f. 6y2+ 17y + 10
g xt—1 h. x3 —y3 i r4=5r2+4
8. Use the Factor Theorem to factor the following:
a. a3 — b3 b. a5 — b5 c. al =b’ d. a"— bn
9. Rationalize the denominator in each of the following:
0 3 b 4-\2 . 2 +3V2 d 3V2 —4V3
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CHAPTER 4: THE ELASTICITY OF DEMAND
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= Have you ever wondered how businesses set prices for their goods and services?

One of the most important ideas in marketing is the elasticity of demand, or the
response of consumers to a change in price. Consumers respond very differently
to a change in price of a staple item, such as bread, as compared to a luxury item
such as jewellery. A family would probably still buy the same quantity of bread if

 the price increased by 20%. This is called inelastic demand. If the price of a gold

chain, however, were increased by 20%, it is likely sales would decrease 40% or
more. This is called elastic demand. Mathematically, elasticity is defined as the

relative (percentage) change in the number demanded (%) divided by the

. . . A
relative (percentage) change in the price <Tp)
An
= 0
E= B
p

For example, if a store increased the price of a CD from $17.99 to $19.99 and
the number sold per week went from 120 to 80, the elasticity would be
(80 — 120)

F=—-——10 =300
(19.99 — 17.99)
17.99

The elasticity of 3.00 means that the change in demand is three times as large, in
percentage terms, as the change in price. The CDs have an elastic demand because
a small change in price can cause a large change in demand. In general, goods or
services with elasticities greater than one (E > 1) are considered elastic (e.g., new
cars), and those with elasticities less than one (E < 1) are inelastic (e.g., milk). In our
example, we calculated the average elasticity between two price levels, but in reality,
businesses want to know the elasticity at a specific or instantaneous price level. In
this chapter, you will develop the rules of differentiation that will enable you to
calculate the instantaneous rate of change for several classes of functions.

Case Study — Marketer: Product Pricing
In addition to developing advertising strategies, marketing departments also

conduct research into and make decisions on pricing. The demand-price
_ 500

relationship for weekly movie rentals at a convenience store is n(p) 5

where n(p) is demand and p is price.

DISCUSSION QUESTIONS

1. Generate two lists, each with at least five goods and services that you have
purchased recently, classifying each of the goods and services as having
elastic or inelastic demand.

2. Discuss how elasticity might be used in a business to make decisions about
setting price levels. Give specific examples for elastic and inelastic goods.

3. Calculate and discuss the elasticity if the movie rental fee increases from
$1.99 to $2.99. ®



Section 4.1 — The Derivative Function

In this chapter, we will extend the concepts of the slope of a tangent and the rate
of change to introduce the derivative. We will be examining the methods of dif-
ferentiation, which we can use to determine the derivatives of polynomial and
rational functions. These methods include the use of the Power, Sum and
Difference, Product and Quotient Rules, as well as the Chain Rule for the compo-
sition of functions.

In the previous chapter, we encountered limits of the form }llim w.

—0
This limit has two interpretations: the slope of the tangent to the graph y = f(x)
at the point (a, f(a)), and the rate of change of y = f(x) with respect to x at
x = a. Since this limit plays a central role in calculus, it is given a name and a
concise notation. The limit is called the derivative of f(x) at x = a. It is denoted
by f'(a) and is read as “‘f prime of a.”

The derivative of f at the number a is given by

fl(a) — ’llil;l,(l) f(a + h]i _f(a)

provided this limit exists.

EXAMPLE 1 Find the derivative of f(x) = x2 at x = —3.
Solution
Using the definition, the derivative at x = —3 is given by

f(=3+h) — f(=3)

f(=3) = lim

. (=3 +h)?—(=3)?
= im &3 h)h (=3)
h—0
=1 9—6h+h>—9
e S R
h—0
~ lim h(—6h+ h)
h—0

fim =6+ 1)
= —6.

Therefore, the derivative of f(x) = x2 at x = —3 is — 6.
An alternative way of writing the derivative of f at the number a is
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f(a)—l

—a

f(x) f(@) ]

In applications where we are required to find the value of the derivative for a
number of particular values of x, using the definition repeatedly for each value
is tedious.

The next example illustrates the efficiency of calculating the derivative of f(x) at
an arbitrary value of x and using the result to determine the derivatives at a
number of particular x-values.

EXAMPLE 2
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a. Find the derivative of f(x) = x2 at an arbitrary value of x.

b. Determine the slopes of the tangents to the parabolay = x2 atx = —2, 0, and 1.

Solution

a. Using the definition,  f'(x) = M

. + 2 42
- hmw
h—0 h
. X2+ 2hx + W2 — X2
= lim 7
h—0
. +
i P+ )
h—0 h

= T +
}1[1_1)1(1) 2x + h)

= 2x.

The derivative of f(x) = x? at an arbitrary value of x is f'(x) = 2x.

b. The required slopes of the tangents to y = x2 are obtained by evaluating
the derivative f'(x) = 2x at the given x-values. We obtain the slopes by
substituting for x:

[(=2)=~—
[0 =0
(1) =2.
y
The slopes are —4, 0, and 2, respectively. e
The tangents to the parabola y = x2 2
atx = —2,0, and 1 are shown. .




INVESTIGATION 1. Find the derivative with respect to x of each of the following functions:
D ) =x3 i) f(x) = x* i) fv) =x
2. In Example 2, we showed that the derivative of f(x) = x2 is f'(x) = 2x.
Referring to step 1, what pattern do you see developing?

3. Use the pattern of step 2 to predict the derivative of f(x) = x39.
4. What do you think f'(x) would be for f(x) = x, where n is a positive integer?

The Derivative Function

The derivative of fat x = a is a number f"(a). If we let a be arbitrary and assume
a general value in the domain of f, the derivative f* is a function. For example,
if f(x) = 22, f'(x) = 2x, which is itself a function.

The derivative of f(x) with respect to x is the function f’(x) where

£ = lim JEEBZI0,

provided this limit exists.

The limit f*(x) is read “f prime of x.” This notation was developed by Joseph
Louis Lagrange (1736—1813), a French mathematician.

In Chapter 3, we discussed velocity at a point. We can now define (instantaneous)
velocity as the derivative of position with respect to time. If a body’s position at
time ¢ is s(¢), then the body’s velocity at time 7 is

W) = 5'(1) = lim MA

Likewise, the (instantaneous) rate of change of f(x) with respect to x is the

S+ h) —fx)
Y .

function f*(x), whose value is f'(x) = }llirr(l)

EXAMPLE 3 Find the derivative f(r) of the function f(r) = Vi, t=0.
Solution
Using the definition, f'(1) = lim furh =i
— lim Y h— Vi
=lim—————
h—0
— i Yt R = Vi (Vi+h+ Vi (Rationalizing
- hl_l,% h ( i+ h +\/}) the numerator)
— lim (t+h) —1t
h—0 h(Vt+ h + Vi)
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;I,I_I,I(l)h(\/t+ + Vo)
Z}g%ﬁ
2\/2 for t > 0.

Note that f(¢) = V't is defined for all 7 = 0, whereas its derivative f@= ﬁ is

defined for only ¢ > 0. From this, we can see that a function need not have a
derivative throughout its entire domain.

EXAMPLE 4 Find an equation of the tangent to the graph of f(x) = % at the point where x = 2.
Solution
Whenx =2,y =+ The graph of y = — the point (2 2) and the tangent at the
point are shown. Flrst find f'(x).
x+h X
) = f ( Z S
] %h 1 Tangent
:}ZI_I)%x X (f(X):%}f(X"'h):xlh) N
= }lﬁow (Simplify the fraction) -2 ) | 2
= lim——L
h—0 (x + h)x
=1
2
The slope of the tangent at x = 2 is m = f'(2) = —%. The equation of the tangent
isy — % = —%(x — 2), or in standard form, x + 4y —4 =0.
EXAMPLE 5 Find an equation of the line that is perpendicular to the tangent to the graph of
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fx) = % at x = 2 and that intersects it at the point of tangency.

Solution
From Example 4, we found that the slope of the
tangent is f'(2) = —l and the point of tangency is Tangent

(2 ) The perpendlcular line has slope 4, the

negative reciprocal of —-- Therefore the required =

equatlonlsy—%—4(x—2)or8x—2y—15—0. -




The line we found in Example 5 has a name.

The normal to the graph of f at point P is the line that is perpendicular
to the tangent at P.

The Existence of Derivatives

A function f'is said to be differentiable at a if f'(a) exists. At points where f'is
not differentiable, we say that the derivative does not exist. Three common ways
for a derivative to fail to exist are shown.

y i Yo y o
N : I
i |
I X » / : X
: .
Cusp Vertical Tangent Discontinuity
EXAMPLE 6 Show that the absolute value function f(x) = |x| is not differentiable at x = 0.
Solution y
The graph of f(x) = |x| is shown. Because the slope
for x < 0is —1 while the slope forx > 0is +1, -
the graph has a “corner” at (0, 0), which prevents a unique V= lf(l
tangent being drawn there. We can show this using the ) 5
definition of a derivative. o

Oy = i O —f0)
£1(0) = lim PSR

= lim 2.0
=0 h

~ im 2L

Now, we will consider one-sided limits.
|h| =hwhenh >0and |h| = —h when h <O0.

. hl . —h _ . T
i = m T = i (2D =~

. h . h .
hmJ—Lth —=1im, (1) =1
-0t h  p0th h—>0+( )
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Since the left-hand and right-hand limits are not the same, the derivative does
not exist.

From Example 6, we conclude that it is possible for a function to be continuous
at a point and yet to be not differentiable at that point.

Other Notation for Derivatives

Symbols other than f*(x) are often used to denote the derivative. If y = f(x), the
symbols y" and % are used instead of f'(x). The notation % was originally used
by Leibniz and is read “dee y by dee x.” For example, if y = x2, the derivative is
y' = 2x or, in Leibniz notation, d—i = 2x. Similarly, in Example 4, we showed that

. d o . . .
ify= %, then d—i = é The Leibniz notation reminds us of the process by which
the derivative is obtained — namely, as the limit of a difference quotient:

drﬂ

dx _A;E}() Ax’
By omitting y and f altogether, we can combine these statements and write
d% (x2) = 2x, which is read “the derivative of x2 with respect to x is 2x.”

.. dy . .
It is important to note that d—i is not a fraction.

Exercise 4.1

Part A
1. State the domain on which fis differentiable.
a 5 b. m
2 2
X

|
N

|

N
N
|
N

|

Y }

1

PP PR T T



T *\5

2—/ 2
A Pt

|
N
N <
|
N H

Communication 2. Explain what the derivative of a function represents.

Communication 3. Illustrate two situations in which a function does not have a derivative at x =
1.

Part B

Knowledge/ 4. For each function, find the value of the derivative f'(a) for the given value of
Understanding a.

a. f(x)=x%a=1
b. fX)=x2+3x+1;a=3
c. fr)=Vx+1l;,a=0

5. Use the definition of the derivative to find f"(x) for each function.

a. fx)=x2+3x b. flx)= x+2 c. f)y=Vv3ax+2 d fix)=—

6. In each case, find the derivative %
a. y=6—"Tx b.yzitll c. y=23x2

7. Find the slope of the tangents to y = 2x2 — 4x whenx = 0, x = 1, and x = 2.
Sketch the graph, showing these tangents.

Application 8. An object moves in a straight line with its position at time # seconds given by
s(t) = —t? + 8t where s is measured in metres. Find the velocity when ¢ = 0,
t=4,and t = 6.

Thinking/Inquiry/ 9. Find an equation of the straight line that is tangent to the graph of
Problem Solving f(x) = Vx + 1 and parallel to x — 6y + 4 = 0.
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10. For each function, use the definition of the derivative to determine d—i, where
a, b, ¢, and m are constants.

a. y=c b. y=x c. y=mx-+b d y=ax2+bx+c

Communication  11. Does the function f(x) = x3 ever have a negative slope? If so, where?
Give reasons for your answer.

Thinking/Inquiry/  12. Match each function in graphs a, b, and ¢ with its corresponding derivative,

Problem Solving graphed in d, e, and f.
a. b. c.
y y y
2 2
//\ X T T X \ T y )¢
_ -2 2 -2 )
2 - -2 =2 7
y =0 y="£x y=fx)
d e. f
y y y
21 21 a
i : x
75 , -2 2 -2 2
-2 -2 =27
y=1fx) y=1(x) y=7fx

13. Find the slope of the tangent to the curve % + % = 1 at the point (2, 2).

Part C

14. For the function f(x) = x| x

, show that f’(0) exists. What is the value?

Application  15. If f(a) = 0 and f'(a) = 6, find }Zif%f(azz v,

Thinking/Inquiry/  16. Give an example of a function that is continuous on — << x << % but that is
Problem Solving not differentiable at x = 3.
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Section 4.2 — The Derivatives of Polynomial Functions

We have seen that derivatives of functions are of practical use because they
represent instantaneous rates of change.

Computing derivatives from the definition, as we did in Section 4.1, is tedious
and time-consuming. In this section, we will develop some rules that simplify the
process of differentiation.

We will begin developing the rules of differentiation by looking at the constant
function, f(x) = k. Since the graph of any constant function is a horizontal line
with slope zero at each point, the derivative should be zero.

For example, if f(x) = —4 then f'(3) = 0.

Alternatively, we can write %(3) =0. 5

Slope =0

The Constant Function Rule

If f(x) = k, where k is a constant, then f'(x) = 0.
In Leibniz notation, d%(k) = 0.
Proof
s e SO+ R = f(0)
f (X) - }111_1)% h
= lim % (Since f(x) = k and f(x + h) = k for all h)
h—0
= 1m0
h—0
=0
EXAMPLE 1 a. If f(x) =5, f'(x) = 0.
d
_m oy _
b. If y = > dr 0.
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A power function is a function of the form f(x) = x", where n is a real number.
In the previous section, we observed that for f(x) = x2, f ’(x) = 2x;

= = 2 - 2 — -2
for g(x) = Vx = 12, g'(x) = x 2\f’ and for h(x) = — = x72,

h'(x) = —2x~3. We also hypothesized that E(x") = nx"~ 1. In fact, this is true,
and is called the Power Rule.

The Power Rule
If f(x) = x”, where n is a real number, then f'(x) = nx"—1,

In Leibniz notation, d%(x”) = pxn—1,

EXAMPLE 2
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a. If f(x) = x7, then f'(x) = 7x6.
b. If glx) =5 =x"

_ 3 ds _ 343
C.IfS—l‘Z,E—zz— \/_
Aoy = 1x1-1 = 0 =
d. dx(x) 1x X0 =1

3, then g'x) = —3x3-1= —3y4= _%.

Proof of the Power Rule
(Where n is a positive integer.)
Using the definition of the derivative,

f'x) = }llirr(l) w, where f(x) = x”

(et Ryn =
= lim &rhr - xn
h—0 h
(c+ b= |G+ Ay 4 (o =2 x L+ (o B2 + 2071 (Factoring a
= lim 7 difference of
h—=0 nth powers)
= lim [(x + )l xx+ ) 2x+ o+ (0 + h)xn2 + x"’l} (Reduce the
h—0 fraction)

=)+ xn 2 x + L4 (a2 + xn ]
=xn—l 4 xn=1 4 4 yn—1 4 xn—l (Since there are n terms)

= nxl’l_l.

The proof for any real number n will be investigated in Chapter 8.



The Constant Multiple Rule
If f(x) = kg(x), where k is a constant, then f'(x) = kg'(x).
dy

In Leibniz notation, d%(ky) = kg

Proof of the Constant Multiple Rule
Let f(x) = kg(x). By the definition of the derivative,

£ = lim Lo 0

— lim kg(x + h) — kg(x)
h—0 h

— gx + h) — g(x)
- ,I,Lr%k[ h }
— I lim | 8E D — 8 -
= k}lli%[ A } (Property of Limits)
= kg'(x).
EXAMPLE 3 Differentiate the following:

a. f(x) =7x3

b.y=12x°

Solution

a. f(x) =Tx3

£ = T403) = 762 = 2122

b. y= 12x%
D 123 = 14 ) = 166t

We conclude this section on Rules of Differentiation with the Sum and
Difference Rules.

The Sum Rule
If functions p(x) and ¢g(x) are differentiable and f(x) = p(x) + q(x),

then f'(x) = p'(x) + ¢'(x).
In Leibniz notation, -(f(x)) = “L(p(x)) + “L(g(x)).
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Proof of the Sum Rule
Let f(x) = p(x) + g(x). By the definition of the derivative,
N o ST ) — f(x)
S = },%T
- lim [p(x + 1) + glx + B)] — [p(x) + g(¥)]

h—0
_ o px+h) —p@] | gk +h) — gl
- %12%{ H + h }
= %i_r)r(l){[p(x + h}z — p(x)]} + %i_r)r(l){[q(x * h})l — q(x)]} (Sum Property of Limits)

=p'® +q'x

The proof of the Difference Rule is similar to that of the Sum Rule.

The Difference Rule
If f(x) = p(x) — q(x), then f'(x) = p'(x) — q"(x).

EXAMPLE 4 Differentiate the following functions:
a. f(x) = 3x2 — 5Vx
b.y = (Bx + 2)2

Solution
We apply the Constant Multiple, Power, Sum, and Difference Rules.

a. flx) = 322 — 5Vx
£ =4Lax2) - s

—34d _sd (.
= 350 5dx<x )
=320 - 547
= 6x — %xfé

b. We first expand y = (3x + 2)2.

y=9x2+ 12x + 4

dy _
dx—18x+12
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EXAMPLE 5 Find the equation of the tangent to the graph of f(x) = —x3 + 3x2 — 2 atx = 1.
Solution Solution Using the Graphing Calculator
technology The slope of the tangent to the graph Draw the graph using a graphing
of f'at any point is given by the calculator and draw the tangent
derivative f'(x). at x = 1. The point is (1, 0). Input
For fx)=—x3+3x2-2 yi=-—x+3x2-2
F(x) = —3x2 + 6x Select Ca ).
(1) = —3(1)2 + 6(1 DRAW
Now, /i1y = =3(1)° + 6(1) Select for the DRAW
="3+6 program.
=3.
The slope of the tangent at x = 1 is 3. Select 5:Tangent(.
The point of tangency is (1, f(1)) = Select and then Y-VARS
(1, 0). and 1:Function.
;h_e gqia;(c;n _oflt)hz ;al;ging)lcs_ 5 Press for the y; function.
Complete the instructions so the
window looks like Tangent (y;, 1).
Press to see the graph.
EXAMPLE 6 Find the points on the graph in Example 5 where the tangents are horizontal.

Solution

Horizontal lines have slope 0. We need to find the values of x that satisfy

f'x)=0.
—3x2+6x=0
—3x(x—2)=0
x=0or x=2

The graph of f(x) = —x3 + 3x2 — 2 has horizontal tangents at (0, —2) and (2, 2).
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Exercise 4.2

Part A

Communication 1. What rules do you know for calculating derivatives? Give examples of each.

2. Find f'(x) for each of the following:

a. fx)=4x -7 b. f(x) =7 c. f)=2x2+x—-5
d. f(x) = Vx e. f(x) =4x3+2 f. flx) =x3 —x2
g fx)=—x2+5x+8 h. f(x)=Vx i f) = g
i ) = G k. fe = (&) L) =3
Knowledge/ 3. Differentiate each function. Use either the Leibniz notation or prime notation,
Understanding depending on which is appropriate.
a. y=x2—-3x+1 b. f(x) = 2x3 + 5x2 — 4x — 3.75
c. () = 66 — 415 d. s =5 1>0
e. f(x) = (x3)?2 f. h(x)=2x+3)(x+4)
g s =122 - 20) h. g(0) =5
ioy= %x5 + %x3 - %xz +1 jogx) = 5(x2)*
k s =253 1> 0 L g =T7f0x)+5
3
m.h(x)z—g n. y=mx+5b

4. Apply the differentiation rules of this section to find the derivatives of the

following:
a. f(x) = 10x° b. y= 3 c.y= 6x 2
d y=x8—x78 e.y=3x%—6x%+x% f.y=4x7%—g
€ y=%+5-3  hy=or243Va i y=2085+3Va+17
iy= VARGV 4 VE oy =S - 120025 ] y= 1EVE
Part B
5. Let s represent the position of a moving object at time ¢. Find the velocity
V= % at time 7.
a. s=—22+7t b. s =18 + 5t — 473 c. s=(t—3)?

3
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6. Find f'(a) for the given function f(x) at the given value of a.

a f=¥-Via=4 b. f(x) =7 — 6Vx + 5x; a = 64
Application 7. Find the slope of the tangent to each of the curves at the given point.

a. y=3xtat(l,3) b y=—tzat(~1,-1)

c. y=2at(=2,-1) d. y = VI6:3 at (4, 32)

8. Find the slope of the tangent to the graph of the function at the point whose
x-coordinate is given.

a y=23+3xx=1 b. y=2Vx+5x=4
c.y=i—§;x=—2 d y=x3x"1+1)xx=1
9. Write an equation of a tangent to each of the curves at the given point.
a.y=2r—LTatP05, —1) b, yZ%—%atP(—lﬂ)

. y=V33at P(3,9) d y=1{e+ %) at P(1,2)
e. y=(Va=2|3Va + 8)at P4, 0)
f y= \[’5—;2 at P(1, —1)

Communication  10. What is a normal to the graph of a function? Find the equation of the normal
to the graph of the function in Question 9, part b at the given point.

Thinking/Inquiry/ ~ 11. Find the values of x so that the tangent to the function y = % is parallel to
Problem Solving the line x + 16y + 3 = 0.

Communication  12. Do the functions y = % and y = x3 ever have the same slope? If so, where?

! ). Prove that

13. Tangents are drawn to the parabola y = x2 at (2, 4) and (—%, o

these lines are perpendicular. Illustrate with a sketch.

14. Find the point on the parabola y = —x2 + 3x + 4 where the slope of the
tangent is 5. Illustrate your answer with a sketch.

15. Find the coordinates of the points on the graph of y = x3 + 2 at which the
slope of the tangent is 12.

16. Show that there are two tangents to the curve y = %x5 — 10x that have a
slope of 6.
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Application  17.

18.

Application  19.

20.

21.

22.

23.

Find the equations of the tangents to the curve y = 2x2 + 3 that pass through
the following:

a. point (2, 3) b. point (2, —=7)

Find the value of a, given that the line ax — 4y + 21 = 0 is tangent to the
a
graph of y = 2 atx = =2.

It can be shown that from a height of # metres, a person can see a distance
d kilometres to the horizon, where d = 3.53Vh.

a. When the elevator of the CN Tower passes the 200 m height, how far can
the passengers in the elevator see across Lake Ontario?

b. Find the rate of change of this distance with respect to height when the
height of the elevator is 200 m.

A subway train travels from one station to the next in 2 min. Its distance, in

kilometres, from the first station after # minutes is s(f) = 2 — %ﬁ. At what
times will the train have a velocity of 0.5 km/min?

A construction worker drops a bolt while working on a high-rise building

320 m above the ground. After 7 seconds, the bolt has fallen a distance of

s metres, where s(f) = 572, 0 = t = 8. The function that gives the height of the
bolt above ground at time ¢ is R(f) = 320 — 5¢2. Use this function to
determine the velocity of the bolt at ¢ = 2.

Tangents are drawn from the point (0, 3) to the parabola y = —3x2. Find the
coordinates of the points at which these tangents touch the curve. Illustrate
your answer with a sketch.

The tangent to the cubic function defined by y = x3 — 6x2 + 8x at point
A(3, —3) intersects the curve at another point, B. Find the coordinates of B.
Illustrate with a sketch.

Part C

Thinking/Inquiry/  24.

Problem Solving

Thinking/Inquiry/ ~ 25.

Problem Solving

Application  26.
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Let P(a, b) be a point on the curve Vx + V'y = 1. Show that the slope of the

tangent at P is — %

For the power function f(x) = x”, find the x-intercept of the tangent to its
graph at point (1, 1). What happens to the x-intercept as n increases
without bound (n — + %)? Explain the result geometrically.

For each function, sketch the graph of y = f(x) and find an expression for

f'(x). Indicate any points at which f'(x) does not exist.

2

B

x2,x <3
a. f(x) = ot 63 b.f(x)=|3x2—6| c.f(x)=||x|—1|



Section 4.3 — The Product Rule

In this section, we will develop a rule for differentiating the product of two
functions, such as f(x) = (3x2 — 1)(x3 + 8) and g(x) = (x — 3)3(x + 2)2, without
first expanding the expressions.

You might suspect that the derivative of a product of two functions is simply the
product of the separate derivatives. An example shows that this is not so.

EXAMPLE 1 Let h(x) = f(x)g(x), where f(x) = (x2 + 2) and g(x) = (x + 5).
Show that 2'(x) # f'(x)g'(x).

Solution
The expression 4 (x) can be simplified.
h(x) = (2 +2)(x +5)
=x3+52+2x+ 10
The derivative of h(x) is h'(x) = 3x2 + 10x + 2.
The derivatives of the functions f(x) and g(x) are
f'(x) =2xand g'(x) = 1.
The product f'(x)g"(x) = (2x)(1) = 2x.

Since 2x is not the derivative of /(x), we have shown that i'(x) # f'(x)g'(x).

The correct method for differentiating a product of two functions uses the
following rule.

The Product Rule
If h(x) = f(x)g(x), then h'(x) = f'(x)g(x) + f(x)g'(x).
If u and v are functions of x, d%(uv) = Z—Zv + u%

In words, the Product Rule says, “the derivative of the product of two functions is
equal to the derivative of the first function times the second function plus the first
function times the derivative of the second function.”

Proof of the Product Rule
h(x) = f(x)g(x); then using the definition of the derivative,
h'(x) — }lll'%f(x + h)g(x + h) —f(x)g(x) )
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f&x+ h) —f(X)]

In Section 4.1, we saw that f'(x) = }llir%[ A

and g'(x) = lim st =g . To evaluate h'(x) we subtract and add terms
h—0 h

in the numerator.

S+ gl + h) — f)gx + 1) + fgx + h) — f(x)g)

Now Ah'(x) = }lirr(l)

~ lim “f(x +h) —f(x)] c )+ f(x)[ga +h - g(x)}]

h—0

. f(x+h)—f(x)} . . . [g(x+h)—g(x)]
g PRI iyt iy e

= f'(0gx) + f(x)g'(x).

EXAMPLE 2
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Differentiate 4 (x) = (x2 — 3x)(x5 + 2), using the Product Rule.

Solution
h(x) = (2 — 3x)(S + 2)
Using the Product Rule, we get
h'(x) = 2x — 3 +2) + (22 — 3x)(5x%)
=2x0 — 3x5 + 4x — 6 + 5x6 — 15x5
= Tx6 — 18x5 + 4x — 6.

We can, of course, differentiate the function after we first expand. The Product
Rule will be essential, however, when we work with products of polynomials such
as f(x) = (x2 + 9)(x3 + 5)4 or non-polynomial functions such as

f(x) = (2 +9)Vx3 + 5.

It is not necessary to simplify the expression when you are asked to calculate the
derivative at a particular value of x. Because many expressions derived using
differentiation rules are cumbersome, it is easier to substitute, as in the preceding
example.

The next example can be determined by multiplying out the two polynomials and
then calculating the derivative of the resulting polynomial at x = —1. Instead we
shall apply the Product Rule.



EXAMPLE 3 Find the value A'(—1) for the function A (x) = (5x3 + 7x2 + 3)(2x2 + x + 6).

Solution
h(x) = Gx3+ 72 +3)2x2 +x + 6)

Using the Product Rule, we get

h'(x) = (15x2 + 14x)2x2 + x + 6) + (5x3 + Tx2 + 3)(4x + 1)
R(—1)=[15(=1)2 + 14(—D]2(=1)2 + (=1) + 6] + [5(—1)3
+ 7(=1)2 + 3][4(—=1) + 1]
M@ + ) (=3)
= —8.

The following example illustrates the extension of the Product Rule to more than
two functions.

EXAMPLE 4 Find an expression for p'(x) if p(x) = f(x)g(x) h(x).

Solution
We temporarily regard f(x)g(x) as a single function.

) = [f()g(x)]h(x)
By the Product Rule,
p') = [f(Og]'h(x) + [f()g()IA (x).
A second application of the Product Rule yields
') = [f(0)gl) + f)g' (0]hx) + f)g(x)h'(x)
= ' (0gh(x) + f0)g' () h(x) + f(X)g(x)h'(x).
This expression gives us the Extended Product Rule for the derivative of the

product of three functions. Its symmetric form makes it easy to extend the process
to the product of four or more functions.

The Power of a Function Rule for Positive Integers

Suppose that we now wish to differentiate functions such as
y=x2—3)*ory= (x2+ 3x + 5)°.
These functions are of the form y = u”, where n is a positive integer and u = g(x)

is a function whose derivative we can find. Using the Product Rule, we can
develop an efficient method for differentiating such functions.
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For the case n = 2, h(x) = [g(x)]?
h(x) = g(x)g(x)
and using the Product Rule,
h'(x) = g'(x)g(x) + g(x)g'(x)
= 2¢'(0)g(x).
Similarly, for n = 3, we can use the Extended Product Rule.
Thus h(x) = [g(x)]3
= g(x)g(x)g(x)
h'(x) = g'(x)g(x)g(x) + g(x)g'(x)g(x) + g(x)g(x)g'(x)
= 3[g(0)]%g' ().

These results suggest a generalization of the Power Rule.

The Power of a Function Rule for Positive Integers

du

If u is a function of x, and » is a positive integer, then d%(u”) = pun—1 I

In function notation, if f(x) = [g(x)]", then f'(x) = n[g(x)]"~1g'(x).

The Power of a Function Rule is a special case of the Chain Rule, which we will
discuss later in this chapter. We are now able to differentiate any polynomial,
such as h(x) = (x2 + 3x + 5)0 or ~A(x) = (1 — x2)*(2x + 6)3, without multiplying
out the brackets.

EXAMPLE 5 For h(x) = (x2 + 3x + 5)°, find A'(x).

Solution

Here h(x) has the form h(x) = [g(x)]°, where the “inside” function is

gx) =x2+3x + 5.

By the Power of a Function Rule, we get A'(x) = 6(x2 + 3x + 5)5(2x + 3).
EXAMPLE 6 The position s, in centimetres, of an object moving in a straight line is given by
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s = (6 — 31)4, t = 0, where the time ¢ is in seconds. Determine its velocity at
time ¢t = 2.

Solution
ds

The velocity of the object at any time t = 0 is v = o



v =416 -3
= (1)(6 — 30* + (r)%[@ - 3:)4] (Product Rule)
= (6 — 31y + (z)[4(6 - 3;)3(—3)] (Power of a Function Rule)

Atr =2,
v =0+ 2)[40)(—3)]
=0.

We conclude that the object is at rest at time ¢ = 2.

Notice that if the derivative is required at a particular value of the independent
variable, it is not necessary to simplify before substituting.

Exercise 4.3

Part A
1. Use the Product Rule to differentiate each function. Simplify your answers.
a. h(x)=x(x —4) b. h(x) =x2Q2x — 1)
c. h(x)=0Cx+2)2x—17) d. h(x) = (8 —x)(4x + 6)
e. h(x) = (5x7 + 1)(x%2 — 2x) f. s() =@+ )3 — 2

Knowledge/ 2. Use the Product Rule and the Power of a Function Rule to differentiate the
Understanding following. Do not simplify.

a. y=0Gx+ 1)3x—4)
b. y=(Gx% + 4)(3 + x3)°
c. y=(1—x2)%2x + 6)3

Communication 3. When is it not appropriate to use the Product Rule? Give examples.

Part B

4. Find the value of % for the given value of x.
a y=Q2+7x)x—3), x=2
b y=(1—20(1+20), x=1

c. y=@B3—-"2x—x)x2+x—-2), x= -2

d y=@x2+2x)3 —2x —5x2), x=0

e. y=x303x+7)2 x= -2
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f. y=Qx+ 1)¥GCx+2)4x=-1
g y=x(5x—2)5x+2),x=3
h. y=3x(x —4)(x +3),x=2

5. Find the equation of the tangent to the curve y = (x3 — 5x + 2)(3x2 — 2x)
at the point (1, —2).

6. Find the point(s) where the tangent to the curve is horizontal.
a y=2x—29x + 1) b. y=(x2+2x + D2+ 2x + 1)

7. Use the Extended Product Rule to differentiate the following. Do not simplify.

a y= @+ 13+ 4)x — 3)2 b. y=x2(3x2 + 4)2(3 — x3)4
Communication 8. Find the slope of the tangent to A(x) = 2x(x + 1)3(x2 + 2x + 1)2 atx = —2.
Explain how to find the equation of the normal at x = —2.
Part C

Thinking/Inquiry/ 9. a. Find an expression for f'(x) if f(x) = g;(x)g,(x)g3(x) ... g,—1(x)g,(x).
Problem Solving b, Iff(0) = (1 + x)(1 + 2x)(1 + 3x) ... (1 + nx), find £(0).

10. Determine a quadratic function f(x) = ax? + bx + ¢ whose graph passes
through the point (2, 19) and that has a horizontal tangent at (—1, —8).

11. Sketch the graph of f(x) = |x2 — 1].
a. For what values of x is f not differentiable?
b. Find a formula for /" and sketch the graph of f”.
c. Find f"atx =-2,0, and 3.

12. Show that the line 4x — y + 11 = 0 is tangent to the curve y = i—? - 1.
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Section 4.4 — The Quotient Rule

In the previous section, we found that the derivative of the product of two
functions is not the product of their derivatives. The Quotient Rule gives the
derivatives of a function that is the quotient of two functions. It is derived from
the Product Rule.

The Quotient Rule b
_ f&© iy — J (X)g(x) — fx)g'(x)
If h(x) = 2()’ then h'(x) = P , 8(x) # 0.
du, _ 4
In Leibniz notation, %(l) = dr
X \V )

Memory Aid for the Product and Quotient Rules

It is worth noting that the Quotient Rule is similar to the Product Rule in that both
have f'(x)g(x) and f(x)g'(x). For the Product Rule, we put an addition sign (+)
between both terms. For the Quotient Rule, we put a subtraction sign (—) between
the terms and then divide the result by the square of the original denominator.

Proof of the Quotient Rule

We wish to find /4’(x), given that
_ 0
h) =255 800 # 0.
We rewrite this as a product:

h(x)gx) = f(x).

Using the Product Rule,
R (x)g(x) + h(x)g'(x) = f'(x).

Solving for h'(x), we get
vy — @) — h(0)g'(x)
O =T
: f&
_ @) =558 ™
g(x)
_ ['®g(x) — f(0)g' ()
(8]

The Quotient Rule enables us to differentiate rational functions.
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3x — 4

EXAMPLE 1 Find the derivative of h(x) = 215
Solution )
Since h(x) = g(—);), where f(x) = 3x — 4 and g(x) = x2 + 5, we use the
Quotient Rule to find A'(x).
. . oo B2 +5) — (Bx — 4)(2x)
Using the Quotient Rule, we get h'(x) = o2+ 5)2
_ 32+ 15— 6x2 + 8
x2 + 5)2
_ 3248+ 15
(x2 + 5)2
EXAMPLE 2 Using a graphing calculator, graph y = xzzi 1 and the tangent to it at x = 0.
Find the equation of the tangent.
technology Solution Solution Using the Calculator
The slope of the tangent to the Use the DRAW function to draw
graph of y at any point is given by the  a tangent at the point (0, 0).
.. dy . . . x
derivative I In this case, input y; = ST
By the Quotient Rule, Select 4:ZDecimal for your
dy _ Q02+ 1) — (20(2x) domain and range.
dx (2 + 1)? ' Select (GRAPH).
Atx =0,
DRAW
% _@0+D _2(0)(0) =2. Select and choose
x oO+1
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5:Tangent( to obtain the graph window.
Since the slope of the tangent at x =0 Select x = 0 and then press to
is 2 and the point of tangency is (0, 0),  graph the tangent.

the equation of the tangent is y = 2x.

=K
Q=1 AP OBEEEE R +E j




EXAMPLE 3

Communication

Communication

2x + 8
Vax

Find the coordinates of each point on the graph of f(x) =
tangent is horizontal.

where the

Solution
The slope of the tangent at any point on the graph is given by f”(x).
Using the Quotient Rule,

Q)VE) — (2x + 8)(%){%)

(V)2
2x + 8
2Vx

f') =
2Vx —

X
2x x+4

The tangent will be horizontal when f”(x) = 0, that is, when x = 4. The point on
the graph where the tangent is horizontal is (4, 8).

Exercise 4.4

Part A

1. What are the Exponential Rules? Give examples of each rule.
2. Copy and complete the table without using the Quotient Rule.

Function Rewrite Differentiate and simplify, if necessary

f) =223 y 20

g(x):3§,x¢0

1

= mxs,x# 0

_ 83 +6x

5 x#0

2=9
t—3

s= ,t#3

3. What rule do we use to find the derivative of a rational function?

4.4 THE QUOTIENT RULE
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Knowledge/
Understanding

Thinking/Inquiry/
Problem Solving

Application

Application

Thinking/Inquiry/
Problem Solving
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Part B

4. Use the Quotient Rule to differentiate each function. Simplify your answers.

a. h(x) = b. h(x) = ¢ h() =22
d he) =21 e h(x) = 33— £ h) =~
R A Rt

5. Find % at the given value of x.
a.yZ?:SZ,x=—3 b.yzxzxjg,xZI
S NoF = NF

6. Find the slope of the tangent to the curve y = xzxj G at point (3, 9).

7. Find the points on the graph of y = )63%4, where the slope of the tangent
is —%.

8. Show that there are no tangents to the graph of f(x) = 5;:22 that have a

negative slope.

9. Find the point(s) at which the tangent to the curve is horizontal.

22
a.yZﬁ by:

10. An initial population, p, of 1000 bacteria grows in number according to the
equation p(f) = 1000(1 + A
the population is growing after 1 h and after 2 h.

), where ¢ is in hours. Find the rate at which

1 _
3 atx = 2.

11. Determine the equation of the tangent to the curve y = *

12. A motorboat coasts toward a dock with its engine off. Its distance s, in metres,
from the dock ¢ seconds after the engine is turned off is

s(t)=%_3t)for05tﬁ6.

a. How far is the boat from the dock initially?

b. Find the boat’s velocity when it bumps into the dock.

Part C

ax + b
cx+d’
non-zero constants. What condition on a, b, ¢, and d ensures that each tangent
to the graph of f has positive slope?

13. Consider the function f(x) = X #F — %, where a, b, ¢, and d are



Section 4.5 — Composite Functions

Many functions can be thought of as the combination of simpler functions.

If f(x) = x3 and g(x) = 2x, then h(x) = x3 + 2x can be expressed as

h(x) = f(x) + g(x). It is often helpful to regard complicated functions as being
built from simpler ones.

For example, if
y=h) =@2x— 1),

we can consider this as the fifth power of 2x — 1. That is,
y = u’, where u = 2x — 1.

If we let f(u) = ud and g(x) = 2x — 1,

then y = h(x) = f(g(x))
= (x— 1).

As another example, consider
h(x) = V25 — x2,
which can be considered to be made up of
g(x) =25 — x2 and f(x) = VX,
and once again,

h(x) = f(g(x) = V25 — x2.

This process of combining functions is called composition. We start with a
number x in the domain of g, find its image g(x), and then take the value of f at
g(x), providing g(x) is in the domain of f. The result is the new function

h(x) = f(g(x)) which is called the composite function of f and g and is denoted

feog

Given two functions f and g, the composite function f o g is defined by

(f o g2)x) = f(gx)).

The domain of fo g is the set of all x in the domain of g such that g(x) is in the
domain of f. We say that g is the inner function and that f'is the outer function.
A good way to picture the composition fo g is by imagining a machine.

X — e} > g(x) > f —> f(g)

(input) ,I [ ,I [ (output)
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EXAMPLE 1 If f(x) = Vx and g(x) = x + 5, find each of the following:
a. f(g(4) b. g(f(4) c. f(g(x) d. g(f(x)

Solution
a. Since g(4) = 9, we have f(g(4)) = f(9) = 3.

b. Since f(4) = 2, we have g(f(4)) = g(2) = 7. Note: f(g(4)) # g(f(4)).
c. flgx)=f(x+5=Vx+5
d. g(f) = g(Va) = Vi +5  Note: f(g(x)) # g(f().

1
1+ x2°

EXAMPLE 2 We are given that h(x) = f(g(x)) =
a. If f(x) = -, what is g(x)?
b. If g(x) = x2, what is f(x)?
Solution
a. Since f(x) = ., then f(g(x)) = ﬁ —
gx) =1+ x2
b. Since g(x) = x2, then f(g(x)) = f(x2) =

1
1 +x°

1
1+ x2°

We conclude that

Since x2 has been substituted

1
1+ x2°

for x in f, we conclude that f(x) =

Exercise 4.5

Part A
1. Given f(x) = Vx and g(x) = x2 — 1, find the following:
a. f(g(1)) b. g(f(1) c. g(f(0)
d. f(g(=4)) e. f(g(x) f. g(f)
2. For each of the following pairs of functions, find the composite functions

fogand gof What is the domain of each composite function? Are the
composite functions equal?

a. f(x) =2 b. f(x) =+ c. f) =+
g(x) = Vx gx)=x2+1 g)=Vx+2
Part B

3. Use the functions f(x) = 3x + 1, g(x) = x3, h(x) = x%],

find expressions for the indicated composite function.

and u(x) = Vx to
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a. fou b. uoh c. gof
d. uog €. hou f. fog
g ho(fou h. (fog)ou i go(hou

4. Express h as the composition of two functions f and g, such that

h(x) = f(g(x)).

a. hix) = 2x2 — 14 b. h(x) =V5x—1
¢ h() =1 d h(x) =2 - 3%’
e. h(x) =x*+5x24+6 f. hx)=@x+1D2—-9x+1)

5. If f(x) = V2 — x and f(g(x)) = V2 — x3, then what is g(x)?

6. If g(x) = Vx and f(g(x)) = (Vx + 7)2, then what is f(x)?

7. Let g(x) = x — 3. Find a function f so that f(g(x)) = x2.

8. Let f(x) = x2. Find a function g so that f(g(x)) = x2 + 8x + 16.

9. Let f(x) = x + 4 and g(x) = (x — 2)2. Find a function u so that
f(g(u(x))) = 4x2 — 8x + 8.

10. If f(x) = - and g(x) = 1 — x, determine

1

a. g(f(x) b. f(g&))

11. If f(x) = 3x + 5 and g(x) = x2 + 2x — 3, determine x such that
f(g(x) = g(f(x)).

12. If f(x) = 2x — 7 and g(x) = 5 — 2x,
a. determine fof~!landf~!of.
b. show that (fo g)~! = g=lof~1
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Section 4.6 — The Derivative of a Composite Function

The Chain Rule tells us how to compute the derivative of the composite function
h(x) = f(g(x)) in terms of the derivatives f and g.

The Chain Rule
If f and g are functions having derivatives, then the composite function
h(x) = f(g(x)) has a derivative given by

h'(x) = f'(g(x))g'(x).

In words, the Chain Rule says, “the derivative of a composite function is the
product of the derivative of the outer function evaluated at the inner function and
the derivative of the inner function.”

EXAMPLE 1 Differentiate A (x) = (xz + x)%.

Solution \
The inner function is g(x) = x2 + x and the outer function is f(x) = x2.
The derivative of the inner function is g'(x) = 2x + 1.
1
The derivative of the outer function is f'(x) = %x?
The derivative of the outer function evaluated at the inner function g(x) is
1
fx2+x) = %<x2 + x)z.
By the Chain Rule,
1
B () = 322 + x)(2x + 1.

Proof of the Chain Rule

By the definition of the derivative, [f(g()]" = lim fler + ) — f(8(x)

Assuming g(x + h) — g(x) # 0, then we can write

T fe ) = ) gt ) — g
[Fgp] = lim [( e T h) = g )( )]

_ i [ fleGet by —f(g(x))}[ gt ) — g(x)]

%‘L%[ PEE TN '
(Property of Limits)

Since }lir% [ex +h) —gx)] =0,letglx +h) —gx) =kand k— 0

as h — 0, we obtain
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[f(g(x) + k) — fg(x) }[ i G0 g(x)].
h—0

[fgC)]’ = lim

Therefore, [F(GG)]" = f'(g(x))g' ().

This proof is not valid for all circumstances, since dividing by g(x + h) — g(x),
we assume g(x + h) — g(x) # 0. A more advanced proof can be found in
advanced calculus texts.

The Chain Rule in Leibniz Notation
If y = f(u), where u = g(x), then y is a composite function and

dy _ dy du
dx ~ du dx’

If we interpret derivatives as rates of change, the Chain Rule states that if y is a
function of x through the intermediate variable u, then the rate of change of y with
respect to x is equal to the product of the rate of change of y with respect to u and
the rate of change of u with respect to x.

EXAMPLE 2 Ify=u3—2u+ 1, where u = 2Vx, find % atx = 4.
Solution
Using the Chain Rule,
dy _dydi_ (3, [ 1 }
dx  du dx 3u 2) 2(2x 2)

1
= 2 ——
(32 = 2)(35)
It is not necessary to write the derivative entirely in terms of x.
Whenx =4, u = 2V4 = 4 and

b - sy —2|(L) = defd) = 2

EXAMPLE 3 An environmental study of a certain suburban community suggests that the
average daily level of carbon monoxide in the air may be modelled by the formu-
la
C(p) = V0.5p% + 17 parts per million when the population is p thousand. It is
estimated that ¢ years from now, the population of the community will be
p(f) = 3.1 + 0.1£2 thousand. At what rate will the carbon monoxide level be
changing with respect to time three years from now?

4.6 THE DERIVATIVE OF A COMPOSITE FUNCTION 155



Solution
We are asked to find the value of dd—f, when t = 3.

We can find the value of change by using the Chain Rule.

Therefore, ii—f = Z—gi[—f
= [%(0.5[)2 + 17>%(0.5)(2p)} (0.21).
When 7 = 3,
p(3)=3.1+0.13)2 =4,
“ dc _ [ L <0_5(4)2 + 17)5(0.5)(2(4))](0.2(3))

=0.24.

The carbon monoxide level will be changing at the rate of 0.24 parts per million.

This level will be increasing because the sign of % is positive.

EXAMPLE 4

. dy
= (x2 — 5)7 =7
Ify=(x 5)/, find I

Solution
The inner function is g(x) = x2 — 5 and the outer function is f(x) = x7.

By the Chain Rule,
dy N
T T(x 5)0(2x)

= 14x(x2 — 5)6.

Example 4 is a special case of the Chain Rule in which the outer function is a
power function of the form y = [g(x)]”. This leads to a generalization of the
Power Rule.

Power of a Function Rule

If n is a real number and u = g(x),
du

dx

or  Aew)]" = ng)]" g

then %(u”) = pun—1

EXAMPLE 5
technology
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8
x2+4°

Using graphing technology, sketch the graph of the function f(x) =
Find the equation of the tangent at the point (2, 1) on the graph.




Solution . ' ( \

From graphing technology, the graph is - .

-
£

D

K « SHEBHEEEBE] S+, EEED
The slope of the tangent at point (2, 1) is given by f'(2).
We first write the function as f(x) = 8(x2 + 4)~ 1.
By the Power of a Function Rule,  f'(x) = —8(x2 + 4)~2(2x).
The slope at (2, 1) is f'(2) = =84 + 4)72(4)

32

®2

= —0.5.

-

The equation of the tangentisy — 1 = —%(x —2)orx+2y—4=0.

EXAMPLE 6 If y = f(3x%), and f'(3) = —4, flnd atx = 1.
Solution
Here the inner function is g(x) = 3x*.
By the Chain Rule, @ =f'(3x4)[12x3}.
When x = 1, dy =f (3)[12(1)3}
= (~412)
= —48.
EXAMPLE 7 Differentiate /(x) = ] - 3¢ EXpress your answer in a simplified factored form.

Solution
We write h(x) =
outer function.

L,
is the inner function and u? is the

x V3 N
1_2x>,whereu T

Then k') = %( _x2x)%7 1 %(1 _x2x> (Chain Rule)
- %(1 _xzx)g{(l)(l _(ff)z;)ﬁ")(_z)} (Quotient Rule)
_ 1 x 3 1
B 3(1 - 2x> [(1 — 2x)2]

s
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Exercise 4.6

Part A

Communication 1. What is the rule for calculating the derivative of the composition of two
differentiable functions? Give examples and show how the derivative is
determined.

2. Differentiate each function. Do not expand any expression before
differentiating.

a fo) = (2x + 3 b.y=(5— x5

c. g(x) = (x2—4)3 d. y=(7—x3)>

e. h(x) = (2x2+ 3x— 54 f. y=(5x—x2)>5

g f(x) = (w2 — x2)3 h. y=(1 —x + x2 — x3)4

g(x) = (dx + 1)

i f()=1[2—x*+16]° J-
k. h(x) = V5x + 7 L. y=Vx2-3
_ 1 _ 1
m. f(x) = 2 — 16)5 n.y=
1 1\6
0. h(x)= —— p. flu) = (1 + u3>
X+ 2\3
q y=VQ2x—15)3 r.y=<\3/)_c)
Part B
Knowledge/ 3. Rewrite each of the following in the form y = u” or y = ku”, and then
Understanding differentiate.
-3 b, v= —2 _ 1
a y=-3 Y= C. ¥Y=177
_ 1 _ (2) __3
d'y_x2—4 e'y_<x> f');_9—)@
_ 1 _ 1 — (1 + \/}>3
&Y= 5oty hy=Grary YT VR
4. Differentiate each function. Express your answer in a simplified factored
form.
a. f(x) = (x + 4P3(x — 3)6 by =3
c. g(x) = (2x — A2 — 3x) d y=3 L
2x — 1)2
= 3(3x — 5)2 ==
e. h(x) =x33x —5) f. y =2
2 _3\4
g y=xH1 — 4x2)3 h. y= (f@?)
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iy =2+ 35303+ 32 jo k) = ——

k. s=(4— 3841 — 26 L h) = Y1-x

5. Find the rate of change of each function at the given value of ¢. Leave your
answers as rational numbers, or in terms of roots and the number r.

a s(t) =@t —5), 1=8 b. s(f) = ([;67;)%, t=2m

6. For what values of x do the curves y = (1 + x3)2 and y = 2x6 have the same
slope?

7. Find the slope of the tangent to the curve y = (3x + x2)~2 at (—2, %)

8. Find the equation of the tangent to the curve y = (x3 — 7)5 at x = 2.

9. Use the Chain Rule, in Leibniz notation, to find % at the indicated value of x.

a. y=3u?—-5u+2,u=x2—-1,x=2
b. y=ud—5wd—Tu2,u=Vx,x=4
c. y=2u3+3u2,u=x+x%,x=1
d y=u@?+33u=x+32x=-2
e. yzufl,MZ(x2+l)3,x=1
fy=—t—u=Vi-1l,x=4

YTt

g. y=u5+u3,u=%—4v,v=3—x2,x=2

10. Let y = f(x2 + 3x — 5). Find % when x = 1, given that f'(—1) = 2.

Application 1. Let y = g(h(x)) where h(x) =~ If g'(%) = —2, find % when x = 3.

Application  12. Find /'(2) given that h(x) = f(g(x)), fu) = u2 — 1, g(2) = 3, and g'(2) = — 1.

Part C

Application  13. a. Write an expression for /4'(x) if h(x) = p(x)g(x)r(x).
b. If h(x) = x(2x + 7)*(x — 1)2, find A'(—3).

14. Show that the tangent to the curve y = (x2 + x — 2)3 + 3 at the point (1, 3)
is also the tangent to the curve at another point.
x2(1 — x)3

Thinking/Inquiry/  15. Differentiate y = T

Problem Solving
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Application  16. Use mathematical induction to prove that if u is a function of x and 7 is
du

a positive integer, then d%(u”) = nun—! It

17. If f(x) = ax + b and g(x) = cx + d, find the condition (involving a, b, c,
and d) such that f(g(x)) = g(f(x)).

Technology Extension

Numerical derivatives can be approximated on a TI-83 Plus using nDeriv(.
To approximate f'(0) for f(x) = 2 jf T

Press and scroll down to 8:nDeriv( under the MATH menu.
technology Press and the display on the screen will be nDeriv(.

To find the derivative, key in the expression, the variable, the value at
which we want the derivative, and a value for €.

For this example, the display will be nDeriv( 2x/(x2 + 1), x, 0, .01).

Press and the value 1.9998002 will be returned.
Therefore, f'(0) is approximately 1.999 800 02.

A better approximation can be found by using a smaller value for €, for example,
€ = 0.0001. The default value for € is 0.001.

a. Use the nDeriv( function on a graphing calculator to find the value of the
derivative of each of the following functions at the given point.

b. Determine the actual value of the derivative at the given point using the
Rules of Differentiation.

i) f(x) =x2atx =3 i) f(x) =x3 atx = —1
iil) f(x) = x*atx =2 iv) f(x) =x3 — 6x atx = —2
V) f(x) = V25 — x2 atx =3 vi) f(x) = (2 + D2x — D*atx =0

i — 2+ 18 - _ 21
vil) f(x) = x* + P 4Vxatx =4 viii) f(x) Sy

> atx = —1

The TI-89 and TI-92 can find exact symbolic and numerical deriviatives. If you
have access to either model, try some of the above questions and compare your
answers to those found using a TI-83 Plus. Press under the

CALCULATE menu, key d(2x/(x2 + 1), x) |x = 0 and press (ENTER].
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Key Concepts Review

Now that you have completed your study of derivatives in Chapter 4, you should
be familiar with such concepts as derivatives of polynomial functions, the Product
Rule, the Quotient Rule, the Power Rule for Rational Exponents, and the Chain
Rule. Consider the following summary to confirm your understanding of key

concepts.

* The derivative of fat a is given by f'(a) = }llirr(l)

ly,

by f"(a) = lim L2 —/@

* The derivative function of f(x) with respect to x is f'(x) = %in})

X —a

fla+h — fla)
h

or, alternative-

Jo+ h) — f(x)
A .

* The normal at point P is the line that is perpendicular to the tangent at point P.

* For two functions f and g, the composite function fo g is defined by

(fo g)(x) = f(g(x)).

Summary of Differentiation Techniques

Rule Function Notation Leibniz Notation
Constant ) = k, £() = 0 k=0
Linear f(x) = x, f'(x) =1 %(x) =1

Constant Multiple

f(x) = kg(x), f'(x) = kg'(x)

Sum or Difference

) = pKx) £ gx),
') =p'(x) £ g'(x)

Product 1) =L L0000 = |- £t + #69| oo |
() = F0g() + Fg'()
_ h(x) =% alw] [%f(x)]g(x)— f<x>[d%g<x)}
Quotient x| = GWE
g = 090 = 99 0 J
(g2
Chain Kl (g)g'(x) d _ d du

= ol e where u is a function of x.

General Power

y = [feoln, % = nlf)I" =17 (0

o b qdu
y—u”,a—nun Wi

where u is a function of x.
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CHAPTER 4: THE ELASTICITY OF DEMAND

162 CHAPTER 4

An electronics retailing chain has established the monthly price (p) — demand
(ny) relationship for a Nintendo™ game as

(0 - 1)°

-
They are trying to set a price level that will provide maximum revenue (R). They
know that when demand is elastic (E > 1), a drop in price will result in higher
overall revenues (R = ngp) and that when demand is inelastic (E < 1), an increase
in price will result in higher overall revenues. To complete the questions in this
task, you will have to use the elasticity definition of

Any

ng(p) = 1000 — 10

converted into differential (A_p = dp) notation.

a. Determine the elasticity of demand at $20 and $80, classifying these price
points as having elastic or inelastic demand. What does this say about where
the optimum price is in terms of generating the maximum revenue? Explain.
Also calculate the revenue at the $20 and $80 price points.

b. Approximate the demand curve as a linear function (tangent) at a price point
of $50. Plot the demand function and its linear approximation on the graphing
calculator. What do you notice? Explain this by looking at the demand
function.

c. Use your linear approximation to determine the price point that will generate
the maximum revenue. (Hint: Think about the specific value of E where you
won't want to increase or decrease the price to generate higher revenues.)
What revenue is generated at this price level?

d. A second game has a price—demand relationship of

_ 12500

The price is currently set at $50. Should the company increase or decrease
the price? Explain. @



Review EXxercise

1. Describe the process of finding a derivative using the definition for f'(x).

2. Use the definition of the derivative to find f'(x) of each of the following

functions:
i) y=2x2—5x i) y=Vx—6 iii) y =4~
3. Differentiate each of the following:
a. y=x2—5x+4 b. y=8 —x3 c.f(x)zx%
d. y 5x e y=733 f.y T3
_ 1 _ 3 . _ —
g Y= 513 h. y G L y=V2-—x

j.ooy=VIi2+4+1 ko oy=@GEe4+m)3 L. y=x—4+<x3—4>_%

4. Find the derivative of the given function. In some cases, it will save time
if you rearrange the function before differentiating.

3_

a fo ==+ b. g() = V(e = )
S_i

C. h(x)=ﬁ d.y=

e.y=3xx_5 f. y=Vx—1x+1)

g. f(x)Z(\/)_c+2)% h. y=V&x+ 3)(x —3)

. _ x2+5x+4 . _ x3-=27

LY T T g L Y==3

5. Find the derivative, and give your answer in a simplified form.

a. y=x%2x — 5)° b. y=xVxz+1
(2x — 5) x
C. y=m d. y=
ey = (0 - Eo
g y=—>= h. y=(x —2)3(x2 + 9)
ioy=(1-=x2)3%6+2x"3 oo y=06x2-22Va2 -5
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10.

11.

12.

13.

14.

. If fis a differentiable function, find an expression for the derivative of each

of the following functions:

a. g(x) = f(x?) b. h(x) = 2xf(x)

— 5,2 _ _ 18 e g4y -
.alfy=5>+3u—1and u x2+5,f1nd e when x = 2.
_u+t4 _ Va+x oo dy _

b. Ify=-—, andu= o ,flnddxwhenx—4.

c. Ity = (Va2 + 9) and f'(5) = —2, find 2 when x = 4.

. Find the slope of the line tangent to the graph of f(x) = (9 — x2)%

at point (1, 4).

. For what values of x does the curve y = —x3 + 6x2 have a slope of —12?

Of —15? Use a graphing calculator to graph the function and confirm your
results.

a. Find the values of x where the given graph has a horizontal tangent.
Dy=02-4y if) y = (3 — 02

b. Use a graphing calculator to graph the function and its tangent at the point
to confirm your result.

Find the equation of the tangent to each function at the point given.
a. y= (% + 5x + 2)*at (0, 16) b. y=0Cx2—-2x3)5at(1, 1)

A tangent to the parabola y = 3x2 — 7x + 5 is perpendicular to
x + 5y — 10 = 0. Determine the equation of the tangent.

The line y = 8x + b is tangent to the curve y = 2x2. Find the point of
tangency and the value of b.

3

X2 =6

b. Using the DRAW function or an equivalent function on your calculator or
graphing software, find the equations of the tangents where the slope is
zZero.

a. Using a graphing calculator, graph the function f(x) =

c. Setting f'(x) = 0, find the coordinates of the points where the slope
is zero.

d. Find the slope of the tangent to the graph at (2, —4). Use the graph to veri-
fy that your answer is reasonable.



15.

16.

17.

18.

19.

20.

Consider the function f(x) = 2x% - Sx%. y

a. Find the slope of the tangent at the point
where the graph crosses the x-axis.

b. Find the value of a. - X

(a f(a)

A rested student is able to memorize M words after t minutes, where
M = 0.1/2 — 0.0018.

a. How many words are memorized in the first 10 min? The first 15 min?
b. What is the memory rate at r = 10?7 Atz = 157

A grocery store determines that after ¢ hours on the job, a new cashier can
ring up N(¢) = 20 —

items per minute.

a. Find N'(¢), the rate at which the cashier’s productivity is changing.

b. According to this model, does the cashier ever stop improving? Why?

An athletic-equipment supplier experiences weekly costs of
Cx) = %x3 + 40x + 700 in producing x baseball gloves per week.
a. Find the marginal cost, C’(x).

b. Find the production level x, at which the marginal cost is $76 per glove.

A manufacturer of kitchen appliances experiences revenues from the sale of

x refrigerators per month of R(x) = 750x — % - %x3 dollars.
a. Find the marginal revenue, R'(x).

b. Find the marginal revenue when 10 refrigerators per month are sold.

An economist has found that the demand function for a particular new
20 , p > 1. Find the slope of the demand

product is given by D(p) =
curve at the point (5, 10).

REVIEW EXERCISE
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Chapter 4 Test

Achievement Category Questions
Knowledge/Understanding 3-7
Thinking/Inquiry/Problem Solving 1
Communication 1,2
Application 8-10
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. The following graph shows the graphs of a function ady

. Explain when you need to use the Chain Rule.

and its derivative function. Label the graphs f and f’
and write a short paragraph stating the criteria you 2]
used in making your selection.

—_
N —

-4-32A
-2

. Use the definition of the derivative to find %(x — x2).
. Find % for each of the following:

a. y= %x3 —3x75 + 4w

b. y=6(2x — 9)>

c.y= 2 4 % +6Vx

5
d. y= (gi : 2) Leave your answer in a simplified factored form.

e. y=x2V6x2 — 7 Simplify your answer.

A4S —5x4+6x—2
= =

Simplify your answer.

. Find the slope of the tangent to the graph of y = (x2 + 3x — 2)(7 — 3x)

at (1, 8).

w -

B x



10.

11.

.Find%atx= —2fory = 3u? + 2uand u = Vx2 + 5.

Find the equation of the tangent to y = (3x=2 — 2x3)3 at point (1, 1).

1 3
. The amount of pollution in a certain lake is P(t) = (t‘l‘ + 3) , wWhere ¢ is

measured in years, and P is measured in parts per million (p.p.m.). At what
rate is the amount of pollution changing after 16 years?

At what point on the curve y = x* does the normal have a slope of 16?

Find the points on the curve y = x3 — x2 — x + 1 where the slope of the
tangent is horizontal.

For what values of a and b will the parabola y = x2 + ax + b be tangent to
the curve y = x3 at point (1, 1)?
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Cumulative Review
CHAPTERS 1-4
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10.

11.

12.

13.

. Sketch the graph of y = (x — 4)(x — 1)(x +3).
. Sketch the graph of y = —(x + 1)2(x — 2).

. Find the polynomial function whose graph passes through the following

points: (1, —25), (2, —20), (3, 3), (4, 56), (5, 151).

. a. Divide x3 — 3x2 + 4 by x — 2.

b. Divide 3x3 — 4x2 + 11x — 2 by x + 3.
c. Divide x* —5x2 4+ x — 1 by x2 — x + 1.

. Find the remainder when 2x3 — x2 + 7x + 1 is divided by x — 2.

. When 3x% — 6x3 + kx + 2 is divided by x — 1, the remainder is 5. Find the

value of k.

. If x — 3 is a factor of x3 + kx2 — 4x + 12, where k € R, find the value of k.
. Determine whether or not x — 2 is a factor of x4 — 2x3 + 5x2 — 6x — 8.

. One factor of x3 — 2x2 — 5x + 6 is x + 2. Determine the other factors.

Factor fully.
a. x3+ 3x2— 18x — 40 b. x3+ 5x2 —4x — 20
c. 2x3+x2—8x—4 d. 5x3 + 82 + 21x — 10

Solve for x (x € C).

a. x3+3x2—-4=0 b. x*+5x2—-36=0
c. 3+4x24+x—-6=0 d 23 —x2—-2x+1=0
e. X3 +x2—-5%x+3=0 f. 333 —4x2+4x—1=0

Find the sum and product of the roots of 2x2 + 8x + 5 = 0.

Find the quadratic equation whose roots are the squares of the roots of
2=9%+2=0.



14.

15.

16.

17.

18.

19.

20.

21.

22.

Solve each of the following, x € R:

a x2—x—6<0 b. x+2)x—1Dx—3)=0
Solve for x.
a. |[x—2| <5 b. |2x—3] =5 c. [3x+1|>16

The displacement (in metres) of an object is given by s(z) = 22 + 3¢ + 1,
where 7 is the time in seconds.

a. Find the average velocity from ¢t = 1to t = 4.
b. Find the instantaneous velocity at r = 3.
A cylinder has a volume of 2001 cm3. Its height is 3 cm greater than its

radius. Determine the radius of the cylinder. (The volume of a cylinder is
V = wr2h.)

. g b y=
a. Determine f(2). :
b. Determine lim f(x). 4] N
x—2— 3 :
c. Determine lim f(x). 27 i
x—2+ 1 :
d. Determine lim f(x). . i . X
x—>6f( ) // 2 4 E l 6
e. Does lirr}‘ f(x) exist? Justify your answer. i
X— 1

Sketch a function f(x) that satisfies the following conditions:
* f(x) is increasing;
. xlggj(x) =5;
J x1_1>r£1+f(x) = 8.
2+1,x<2

f=! 2x+1,x=2
—x+5x>2

Determine where f(x) is discontinuous and justify your answer.

. . . 3 — 2 —
Use your graphing calculator to estimate lim Rl S el e 3.

x—1

W is the slope of the tangent to y = f(x) at x = 4, what is

If lim
h—0

Jx)?
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23.

24.

25.

26.

27.

28.

29.

30.

Use algebraic methods to evaluate each of the following (if they exist):
1,1

. 2
a. lim2*1 b. hm# c. lim ~—3
x—0 ¥ =35 x—>5%X =5 x—>-3x+3

X3 4 4x2 + 2x x—=2 - Vx+1-2

d limssioms. & Jima—g Bm

Use the definition of derivative to find f'(x) if
a. f(x)=3x2+x+ 1. b. f(x) ==

Use any of the rules you have learned to find the derivatives of the following
functions:

a. y=x3—4x2+5x+2 b. y=V23+1
c. y=-2 d y=(2+3)2 @S5+ 50+ 1)
_ @2+ 1)

ey f. y=[2+ 2x+ 13

(GBx —2)3

Find the equation of the tangent to y = ﬁ at point (1, 2).

Find the equation of the tangent to y = x> — 4x + 1 that is perpendicular to
the line with equation 3x + 6y — 2 = 0.

If y=6u3+ 2u2+ 5u —2and u = fnd

3+2’

Find the slope of the tangent to y = x2 + 9x + 9 at the point where the curve
intersects the line at y = 3x.

In 1980, the population of Smalltown, Ontario, was 1100. After a time ¢, in
years, the population is given by p(r) = 22 + 61 + 1100.

a. Find p’(¢), the function that describes the rate of change of the population.
b. Find the rate of change of the population in 1990.

c. In what year is the rate of change of the population 94 people per year?



